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Abstract

Causal discovery is an important problem in many fields such as medicine, epi-
demiology, or economics. Here, causal structure is necessary to relay information
about the effectiveness of treatments. Recently, causal structure has also been
linked with generalisation and out of distribution generalisation in prediction tasks.
This problem however, is only solvable upto a Markov equivalence class without
strong assumptions. Previous work has made assumptions on the data generation
process to render the causal graph identifiable. These methods fail when the data
generation assumptions no longer hold. In this work, we directly algorithmise
the independence of causal mechanism (ICM) assumption to achieve a flexible
causal discovery algorithm. In the bivariate case, this is done by showing that
independent parametrisation with independent priors encodes an ICM assumption.
We show that this implies different marginal likelihoods for models of different
causal directions. Using a Bayesian model selection procedure to take advantage
of this, we show that our method outperforms competing methods.

1 Introduction

Having access to a causal structure allows for answering questions beyond predictions, opening the
possibilities to answer interventional questions [31] with only observational data, that is, data where
no interventions have taken place [3}[36]. Knowing the causal structure also has consequences for
prediction. Conditional distributions corresponding to the causal generative process remain invariant
as other variables in the system are intervened on [32,[1]. This is a particularly useful for domain
adaptation [411[7, 2], but also impacts the robustness [6l 23], and adaptation speed under distributional
shifts [4} 134]] of machine learning models. It is also possible to take advantage of these properties
when causal variables are not given by learning causal representations [35].

Causal relations can be inferred reliably from interventional data, however obtaining this can be
financially burdensome or ethically problematic. This motivates the need to learn causal relations
using observational data. In this regime, conditional independences can only recover a causal
structure upto its Markov equivalence class [31]. However, identifying the causal structure within an
equivalence class is necessary to take advantage of causal insights. For example, while the causal
structures X — Y, and Y — X are in the same Markov equivalence class, an intervention on any of
the variables in these two graphs will have different causal conclusions.

Previous methods make assumptions on the noise distribution or functions to identify the causal
direction. These assumptions may not always hold in practice. Independence of causal mechanisms
(ICM) has been proposed as a foundational principle for causal discovery [20]. This states that the
conditional distributions corresponding to the causal generative process are mutually independent.
This implies that a change in any one of these distributions, should leave the rest invariant. For
example, if the altitude A is the cause and the temperature 7T is the effect, changing the distribution
of altitudes p(A) will not change how the altitude effects the temperature, p(7'|A). Although this is
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an assumption on the data generating process, it does not restrict the functions or noise distributions
that induce the joint.

In this work, we tackle the problem of learning bivariate causal relations with access to observational
data by using Bayesian model selection [27]. We show that models with causal direction can encode
an ICM condition if the causal conditionals have separate parametrisations and the parameters have
independent priors. This retains the intuitive implications of the ICM principle. We show that the
models cannot be reversed, in general, in a way where ICM holds in the reverse direction. Hence, with
the same priors, our models of causal direction imply different densities over datasets. Given that a
dataset is generated according to our model, the correct causal model will obtain a higher log marginal
likelihood that allows for identification of the causal model. To calculate the marginal likelihood, we
use Gaussian Process latent variable models that allows us to model flexible densities [40, 10, 24]. We
test our method with synthetic and real data that encode different data generation assumptions. Our
results show that we not only out perform methods that make specific data generating assumptions,
but also other methods inspired by the ICM principle.

2 Related Work

One direction of work has relied on strict assumptions about the data generation process to infer
the causal structure within an equivalence class. [[18] shows that causal discovery is possible when
the functional relationship between cause and effect is non linear and the effect has additive noise
(ANM). It is not possible in general to reverse a causal model with these assumptions and stay within
the model class. This intuition has been extended to post non linear noise relationships (PNL) [42].
Assuming a linear relationship with non Gaussian noise allows for recovery of the independent noise
terms. This procedure, known as LINGAM [37, 38]], relies on the statistical dependences between
these recovered noise terms and the cause and effect. This has also been extended to non linear
relationships [29] by using non linear ICA [19]. RECI [5] assumes low effect noise and shows that
the test error can identify the causal direction.

Attempts to formalise the ICM principle have depended on algorithmic information theory [[13} 20],
with work even showing that this may subsume other methods of causal discovery [21]]. This relies
on the notion of Kolmogorov complexity [25], with the implication that the complexity of the causal
factorisation is minimal. The Kolmogorov complexity however, is uncomputable in general. Other
ways of viewing this principle attempt to alleviate the problem of uncomputability. IGCI [8] tries to
infer the dependence between the mechanisms by using information geometry. A near zero measure
of dependence infers the causal direction. However, this requires a low effect noise assumption as
well as invertibility of the cause to effect function. CGNN [[12]] try to learn a generative model of the
data with competing causal generative structures. With limited complexity, the causal direction with
independent components should be easier to fit than the anticausal direction. Overfitting is tackled
by using validation datasets as increasing the complexity will lead to an equally good fit in both
directions. CDCI [9] tries to measure the complexity of the conditional distributions by measuring
the stability of the conditional under different input values. Similar attempts have been made by using
the norm of kernel mean embeddings to define variability [28]. The method closest to ours is the GPI
[39]. They extend previous methods using Gaussian processes [11] to using latent variable Gaussian
processes. Our method differs from theirs as we show that there is an explicit model asymmetry, and
our approximation for the marginal likelihood leads to empirically better results.

3 Preliminaries

In this section we describe the Structural Causal Model (SCM) [31], which is the main framework
we utilise. We also outline the main assumption underpinning this work, mainly that of Independent
Causal Mechanisms (ICM) [20].
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Figure 1: Graphical model for the model M x _,y. The causal direction indicates which factorisation
has independent parameters.

3.1 Structural Causal Models (SCM)

In the bivariate case, and with the following data generating process, we say that X causes Y, written
as X = Y:

X :far(N'c)a
Y ::fy(XvNy)v (1)

where N, and N, are independent noise variables that are sampled from some arbitrary distribution.
The equations above induce a joint probability and we refer to the factorisation corresponding to
terms in the SCM (P(X)P(Y|X) in the above) as the causal factorisation. The factorisation found
by applying Bayes rule to the causal factorisation is referred to as the anticausal factorisation.

3.2 Independent causal mechanisms (ICM)

This assumption follows directly from the form of the SCM. Assuming there are no confounders,
the ICM assumption states that the distribution of the cause, Pcrause, and the distribution of the effect
given the cause, Pggfecticause, are independent. These two components are independent in the sense that
a change in one of them leaves the other invariant. Changes in the distribution in the SCM correspond
to changing either the functions or the noise terms. Hence changing f, or N, in equation[T|will result
in a change in the distribution P(X), but will leave the form of P(Y'|X) invariant. This is because
P(Y'|X) is only determined by f, and N,,. Shifting the values of X will change the values of Y~ that
are observed, but not the distribution P(Y'|X) itself. This intuition does not necessarily hold for the
anticausal factorisation. As P(Y) = [ P(Y|X)P(X)dX and P(X|Y) « P(Y|X)P(X), we can
easily see that changing f, or NV, can result in a change in both P(Y") as well as P(X|Y). This is
a fundamental asymmetry implied by assuming that variables are generated by an SCM. ICM is a
flexible assumption for causal discovery in the sense that no assumptions on the functional or noise
terms of the SCM have been made.

4 Causal discovery using marginal likelihood

We cast the problem of causal discovery in the bivariate case as a Bayesian model selection problem.
We show that a model that directly parametrises an ICM condition has an asymmetry in its causal and
anticausal factorisation, depdendent on the choice of the prior. Bayesian model selection then gives
us the assurance that if the data is generated according to a model, it will have a higher log marginal
likelihood than the competing model.

4.1 Asymmetry between causal and anticausal models

In the bivariate case, causal discovery can be reframed as a model selection problem between two
models, M x_,y and My _, x. The arrow in the model subscript indicates the causal direction that
the model postulates. We directly parametrise the causal factorisation of each model, with a prior
over the parameters. We assume the same parametrisation and same priors for both the causal models.
Figure[I]shows the graphical model for the corresponding model M x_,y. The joint factorises into
the causal factorisation as the following here,

P(z,y,0,0|lMx_yv) = P(ylz,0, Mx_y )P(z|p, Mxv)P(O|Mx vy )P(pIMx5yv).  (2)

The below analysis always considers the model M x_,y and we leave out M x _,y from here on for
succinctness. As we don’t observe ¢ and 6, the observed distribution for the conditional and marginal
postulated by this model is the following

P(z,y) = P(y|z)P(x) (3)
- / P(y|z.0)P(6)d / P(2]6) P(6)do @



ICM here is encoded in equation [4] as the two components P(y|z, ) and P(z|¢) have different
parameters, and the parameters have independent priors, P(¢,0) = P(¢)P(0). Effectively these
conditions imply that the distributions P(y|z) and P(z) are independent in the sense discussed in
section 3.2} changing the distribution of 6 and hence P(y|x) will not effect P(z), and vice versa.

We are interested in the case where ICM holds in the anticausal direction. This is interesting as it
may lead to cases where two causal models that postulate ICM in different causal direction, end up
implying the same distribution over the joint. This analysis closely follows [16} 15] where it is used
as a starting assumption, but for our case guides identifiability.

Theorem 4.1 Assume a given a model M x _,y. Assume that the model factorises as figure|l| if
there exists ann = f1(0,¢) and v := f2(60, ¢), such that

/ / Py, 0,6, Mx oy )P0, 6 Mx oy ) P(OMx oy )Pl Mx oy )d0dS  (5)

= [ Plalyn My ) P@IMs—y)dn [ Plyb My POy, (©)
Then the following are true:

1. Forevery (0,¢), P(z|y,0,¢) = P(z|y,n), and P(y|0, $) = P(y|v).

2. The implied priors
-1

P(n,7v) = P(0)P(¢) @)

0f1(8,¢)) 9f1(0,¢)
060 ¢

0f2(0,¢)  Of2(8,9)
06 o

are independent.
If the above is true, we say that the anticausal factorisation of a causal model satisfies ICM.

The proof of this is in appendix [B.1} The constraint in condition 1 in the above is required so that the
anticausal factorisation can be expressed using the chosen independent parametrisation. The implied
priors over the parameters also need to be independent, this is trivially true if the Jacobian in equation
[1is diagonal. If these two conditions hold, the observed anticausal densities can be split into separate
integrals in the same way as equation 4]

If ICM does not hold in the anticausal direction for a causal model, two causal models with opposite
causal directions will imply different densities over the data for any choice of priors.

Theorem 4.2 Assume two given causal models M x_.y and My _, x. If the anticausal factorisation
of Mx_y and My _ x do not satisfy ICM, then there exist x,y such that

P(z,ylMx_y) # P(x,ylMy_x). 8

The proof of the above is in appendix [B.2] An important insight is that for the densities to be the
same, we usually require different priors on the two causal models.

To summarise, a causal model postulates the direction in which ICM holds. This implies independent
priors and an overall structure as shown in figure[I] Hence, two models, that postulate ICM in
opposite directions, will imply different densities on a dataset. In general, the above shows that
P(z,y|Mx_y) does not equal P(z,y|My_x) for all z,y. We can use this insight to design a
Bayesian model selection procedure such that data generated by a causal model is likely to have
a higher marginal likelihood under the true causal model. Furthermore, the above also gives us
conditions when we would expect the Bayesian model selection procedure to fail to distinguish
between causal directions.

4.2 Causal Discovery as Model selection

Based on the previous section, we propose using Bayesian model selection [22, [27] to select between
causal models. We denote the models in the bivariate case as M x_,y and My _, x. To choose
between the two models, and given data D = (X,Y"), we need to compare their log posteriors,

P(DIMi) P(M:))

log P(M;|D) = log P(D)

(©))
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Figure 2: Datasets can have the ICM assumption hold in one direction (red and green), or both. A
causal model effectively encodes the direction in which it expects ICM to hold. The log marginal
likelihood is then higher for the correct causal model as it encodes the correct assumptions. (b)
Changing the prior on the parameters changes the shape of the marginal likelihood distribution. There
are cases where the data can be described by both causal directions (overlap between green and red).

Assuming a uniform prior over models, we can then simply choose the model with the highest log
marginal likelihood

M* = argmax{log P(D|M;)};. (10)

The marginal likelihood for a model is calculated by integrating over all the parameters and latents in
a model. Figure [2]shows the intuition behind our model selection procedure. If a data is generated
according to a causal model, it will have a higher log marginal likelihood under that causal model.
This allows for identifiability of the correct causal model. Changing the prior will change these
densities, but as long as ICM is encoded in one causal direction, the log marginal likelihood should
be higher for the correct causal model. There are cases where the models are indistinguishable, for
example when the prior for the second causal model is chosen using[/| A case where this happens
is linear Gaussian models as shown in appendix [A] For cases that are unidentifiable, the right prior
should lead to a similar marginal likelihood value for the two models.

5 Method

It is necessary to choose flexible models to work with a wide range of data. We use latent variable
Gaussian Process models to do this [[10} 40, 24].

Causal Score To perform model selection, we calculate the log marginal likelihood by modelling
the causal factorisations for both models. Thus, for M x_,y we model log P(x,y|Mx_y) =
log P(y|x, M x_v) + log P(x|Mx_,y), where we directly calculate the two terms by modelling
the conditional and marginal distributions separately. The model with the higher log marginal
likelihood is chosen as the most likely model.

Latent variable Gaussian Processes Gaussian processes (GPs) [33] are non-parametric Bayesian
models that directly define a prior over functions. The form of the prior is controlled by a choice
of a kernel function. Specifically, the kernel defines a covariance over outputs for the function f,
f ~ N(0,K,). The kernels are parametrised by continuous hyperparameters, p. Changing the
prior simply amounts to choosing a different kernel or changing the values of the hyperparameters —
allowing the ability to model different distributions. Latent variable Gaussian Processes (GPLVM)
consider a latent noise term w as an input with an associated prior. Integrating over the noise term
allows for modelling of heteroscedastic noise as well as non Gaussian likelihoods. The likelihood for
the conditional distribution for this model is P(y|x,f,w,0) = N (f(x, w), 02), with o denoting
the likelihood noise hyperparameter. The final log marginal likelihood for the conditional distribution
is

P(y|x):////P(y|x,f,w,cr)P(f\X,w,p)P(W)P(p)P(J)dfdwdpdo. (11)

The marginal likelihood for the marginal distribution P(x) is analogous.



Methods CE-Cha CE-Multi CE-Net CE-Gauss

CGNN [12] 76.2 94.7 86.3 89.3
GPI [39] 71.5 73.8 88.1 90.2
PNL [42] 78.6 51.7 75.6 84.7
ANM [138] 43.7 25.5 87.8 90.7
IGCT [8]] 55.6 77.8 574 16.0
LiINGAM [37] 57.8 62.3 33 72.2
RECT [5] 59.0 94.7 66.0 71.0
CDCI [9] 72.2 97.6 94.3 91.8
GPLVM 82.1 97.7 98.8 90.2

Table 1: Performance comparisons. Results for the baselines taken from [[14]]. Numbers convey the
ROC AUC metric. Best results are in bold. Our method (GPLVM) outperforms competing methods.

Priors We use a standard normal prior for the latent term w and uniform priors over hyperparam-
eters. The priors are the same for the marginal and conditional distributions, and for both causal
models.

Integration The integration over the function and latent term is done by following the procedure in
[40]. Here, an inducing point approximation is also used for scalability and variational inference [17]
is used to tackle the intractability of the integrals. The integral over the hyperparameters p and o is
done by using the evidence approximation [26]. This simply involves maximising the log marginal
likelihood with respect to the hyperparameters. This is motivated by the observation that the log
marignal likelihood tends to be peaked for low dimensional hyperparameters and high data [33]].

6 Experiments

We wish to test our method on a wide variety of data generating distributions. As we use flexible
density approximators (latent variable GPs), we expect our method (labelled GPLVM) to work for a
wide variety of functional and noise assumptions.

Datasets The following datasets are used to measure the performance of the proposed method.
Each dataset contains 300 pairs with relationships X — Y and Y — X of 1500 samples each:

* CE-Cha: A mixture of synthetic and real world data. Taken from the cause-effect pairs
challenge [14].

* CE-Multi [12]: Synthetic data with effects generated with varying noise relationships. The
noise relationships are pre-additive (f (X +E)), post-additive (f(X)+E), pre-multiplicative
(f(X x E)), or post-multiplicative (f(X) x FE). The function is linear or polynomial.

* CE-Net [12]: Synthetic data with randomly initialised neural networks for functions and
random exponential family distributions chosen for the cause.

* CE-Gauss [30]: Synthetic data generated with random noise distributions F1, F'5 defined
in [30]. The cause and effect are generated according to X = f;(F1) and Y = f, (X, E»),
where f;, f, are sampled from Gaussian processes.

Metrics We use the Area under ROC curve (AUC) metric to analyse the performance of the methods.
This takes the confidence of classifying a causal model into account as well.

Results Table|l{shows the results of our method (GPLVM), along with competing methods. Our
method outperforms previous methods in a wide range of data generating assumptions. Methods that
explicitly put assumptions on the data generation process (ANM, LiNGAM, RECI), only seem to do
well on certain datasets. Methods based on ICM (CGNN, GPI, CDCI) do better on multiple datasets,
however our method outperforms.
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A Non identifiability in linear additive Gaussian noise model example

We first look at the model M x_,y. As it is common in causal discovery settings to normalise the
input and outputs [30], we assume the following generative model of our data,

P(ylz,b, Mx_y) = N(y|bz, 1 — b?). (13)

The above chosen model ensures that the marginals P(x) and P(y) are standard normal distributions.
Using Bayes rule, we can find the backward model in closed form in this case

P(y|vaX—>Y) :N(yma 1)7 (14)
P(z]y,b, Mx_y) =N (z|by, 1 —b%). (15)

Clearly ICM holds in the backward direction here. The causal factorisation for the model My _, x
must follow the same parametrisation as the causal factorisation for M x _,y

P(ylb, My x) =N (y/0,1), (16)
P(zly,b, My_x) =N (z|by,1 — b%) . (17)

With any prior on the parameter b, it is clear to see that
P(z,ylMy_x) = P(z,ylMx_y). (18)

Normalisation forces an ICM condition here that makes the linear additive Gaussian noise model
non identifiable. In a lot of cases, this is desirable as a shift in the mean or scale can be semantically
meaningless. For example, a shift from Celsius to Fahrenheit should not affect the causal conclusions.
It is interesting to note that in this case, the marginal likelihoods are equal and the posteriors for the
two models will be roughly equal — effectively conveying uncertainty over the model choice.

B Proofs

B.1 Proof of theorem 4.1]
Proof. For a causal model M x _,y, the anticausal factorisation is
/ /P($|y7 0,0, Mx—y )Pyl o, Mxy)P(OIMx oy ) P(S|Mxy)dode,  (19)
where 0, ¢ are the parameters of the causal factorisation. If condition 1 holds, this is equal to
//P(x\y,n,M;Hy)P(yI%Myﬁx)P(nﬁlMxﬁy)dnd% (20)

where P(1,v|Mx_,y) is given by equation|[7} If condition 2 must be satisfied, P(n,y[Mx_y) =
P(n|My - x)P(y|Mx_y). Hence the anticausal factorisation is

/ Plaly, n, Mx oy ) P(n| Mx oy )dn / Plyly Mx oy ) POIMxoy)dy. QD)

ICM holds in equation|21]as a change in the distribution of 7 changes P (z|y, M x_,y) but does not
affect P(y| M x_y ). The same intuition holds for changing the distribution of ~.



B.2 Proof of theorem

Note that we assume the same parametrisation of causal factors for both causal models. We prove
this for the model M x _,y. The anticausal factorisation of M x_,y is

/ / P(aly, 0,6, Mx oy ) P(yl0, & Mx oy ) PO Mx oy )Pl My )d0d6,  (22)

where ¢ and 6 are the parameters for the causal factorisation. The causal factorisation for My _, x is

/ Plaly, ¢, My x) P(C[ My x)dC / Plylp. My x)P(ol My x)dp,  (23)

where ¢ and p are the parameters for the causal factorisation for this causal model.

It is instructive to see the case where two causal models imply the same joint. It is trivial to see
that if ICM holds in the anticausal direction for M x_,y, that is theorem 4.1 holds, the anticausal
factorisation can be written as

/P(ffly,WvMXaY)P(TI\MX»Y)dﬁ/P(y|%MXaY)P(7|MX»Y)d% (24)

with 7 and v defined in theorem With the right choice of priors for My _, x, namely
P(p|My_x) = P(y|[Mx-y) and P((IMy_x) = P(n|Mx_,y), we get

P(z,y|Mxy) = P(z,y[ My x). (25)

Note that this will usually require a different prior for the two causal models. The choice of prior
for My _, x for equality to hold will depend on equation[/| For the same prior to give equality in
two models, the Jacobian of the implied prior in equation [7|needs to be identity. A case where this
happens is discussed in appendix [A]

Proof. Assume that M x_,y does not satisfy the ICM principle in the anticausal direction. Ac-
cording to theorem[4.1] this is due to the two conditions not being satisfied. If condition 1 is not
satisfied, there exists some 6, ¢ such that there is no n := f1(6,¢) and v := f(0, ¢) that gives
P({E|y, 97 ¢a MXHY) = P($|y7 , MXHY)’ and P(y|97 ¢7 MX%Y) = P(yh/» MX%Y)~ This im-
plies that the anticausal factorisation for M x_,y cannot be expressed in the chosen parametrisation.
Hence, we have that for some 6, ¢

P($|y,9,¢,MX_>Y) %P(x‘y7CaMY—>X)7 (26)
P(ylo, ¢, Mxy) #P(ylp, My - x). (27)

If condition 1 does hold, but condition 2 does not, then the anticausal factorisation for M x_,y can
be written as

//P(I\yyn’/\/lxw)P(yI%wa)P(n,lexw)dnd% (28)

where
-1

Pn,yMx_y) =PO|Mx_y)P(d|Mx_y) (29)

0f1(0,9)) 0f1(0,9)
90 96

9f2(0,9)  9f2(9,9)
90 96

Due to the parametrisations being the same of the two causal models, clearly for every (1,7),
there is some ((, p) such that P(z]y,(, My x) = P(z|y,n, Mx_y) and P(y|p, My_,x) =
P(y|ly, Mx_y) . As the priors for the parameters are dependent (as a consequence of condition 2
not holding), it cannot be expressed as the product of two distributions and hence equation 28] cannot
equal equation [23]for any choice of prior in equation[23] To conclude, there must be some x, y such
that

P(z,ylMx_vy) # P(z,ylMy_x). (30)
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